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Abstract

Reliability methods are probabilistic algorithms for quantifying the effect of simulation input uncertainties on response
metrics of interest. In particular, they compute approximate response function distribution statistics (probability, reliability,
and response levels) based on specified input random variable probability distributions. In this paper, a number of
algorithmic variations are explored for both the forward reliability analysis of computing probabilities for specified response
levels (the reliability index approach (RIA)) and the inverse reliability analysis of computing response levels for specified
probabilities (the performance measure approach (PMA)). These variations include limit state linearizations, probability
integrations, warm starting, and optimization algorithm selections. The resulting RIA/PMA reliability algorithms for
uncertainty quantification are then employed within bi-level and sequential reliability-based design optimization approaches.
Relative performance of these uncertainty quantification and reliability-based design optimization algorithms are presented
for a number of computational experiments performed using the DAKOTA /UQ software.
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1 Introduction

Reliability methods are probabilistic algorithms for quantifying the effect of simulation input uncertainties on response met-
rics of interest. In particular, they perform uncertainty quantification (UQ) by computing approximate response function
distribution statistics based on specified input random variable probability distributions. These response statistics include re-
sponse mean, response standard deviation, and cumulative or complementary cumulative distribution function (CDF/CCDF)
response level and probability /reliability level pairings. These methods are often more efficient at computing statistics in the
tails of the response distributions (events with low probability) than sampling-based approaches since the number of samples
required to resolve a low probability can be prohibitive. Thus, these methods, as their name implies, are often used in a
reliability context for assessing the probability of failure of a system when confronted with an uncertain environment.

A number of classical reliability analysis methods are discussed in [Haldar and Mahadevan, 2000], including Mean-Value
First-Order Second-Moment (MVFOSM), First-Order Reliability Method (FORM), and Second-Order Reliability Method
(SORM). More recent methods which seek to improve the efficiency of FORM analysis through limit state approximations in-
clude the use of local and multipoint approximations in Advanced Mean Value methods (AMV/AMV+ [Wu et al., 1990]) and
Two-point Adaptive Nonlinear Approximation-based methods (TANA [Wang and Grandhi, 1994, Xu and Grandhi, 1998)),
respectively. Each of the FORM-based methods can be employed for “forward” or “inverse” reliability analysis through the
reliability index approach (RIA) or performance measure approach (PMA), respectively, as described in [Tu et al., 1999].

The capability for assessing reliability is broadly useful within a design optimization context, and reliability-based
design optimization (RBDO) methods are popular approaches for designing systems while accounting for uncertainty.
RBDO approaches may be broadly characterized as bi-level (in which the reliability analysis is nested within the opti-
mization, e.g. [Allen and Maute, 2004]), sequential (in which iteration occurs between optimization and reliability analysis,
e.g. [Wu et al., 2001]), or unilevel (in which the design and reliability searches are combined into a single optimization,
e.g. [Agarwal et al., 2004]). Bi-level RBDO methods are simple and general-purpose, but can be computationally demand-
ing. Sequential and unilevel methods seek to reduce computational expense by breaking the nested relationship through the
use of iterated or simultaneous approaches.

In order to provide access to a variety of uncertainty quantification capabilities for analysis of large-scale engineering
applications on high-performance parallel computers, the DAKOTA project [Eldred et al., 2003] at Sandia National Labo-
ratories has developed a suite of algorithmic capabilities known as DAKOTA /UQ [Wojtkiewicz et al., 2001]. This package

*Corresponding author. Email: mseldre@sandia.gov
fSandia is a multiprogram laboratory operated by Sandia Corporation, a Lockheed-Martin Company, for the United States Department of
Energy under Contract DE-AC04-94A185000.



contains the reliability analysis and RBDO capabilities described in this paper, and is freely available for download worldwide
through an open source license.

This paper explores a variety of algorithms for performing reliability analysis. In particular, forward and inverse reliability
analyses are performed using multiple linearization, integration, warm starting, and optimization algorithm selections. These
uncertainty quantification capabilities are then used as a foundation for exploring bi-level and sequential RBDO formulations.
Sections 2 and 3 describe these algorithmic components, Section 4 provides computational results for three simple test
problems, and Section 5 provides concluding remarks.

2 Reliability Method Formulations

2.1 Mean Value

The Mean Value method (MV, also known as MVFOSM in [Haldar and Mahadevan, 2000]) is the simplest, least-expensive
reliability method in that it estimates the response means, response standard deviations, and all CDF/CCDF response-
probability-reliability levels from a single evaluation of response functions and their gradients at the uncertain variable means.
This approximation can have acceptable accuracy when the response functions are nearly linear and their distributions are
approximately Gaussian, but can have poor accuracy in other situations. The expressions for approximate response mean i,
approximate response standard deviation o, response target to approximate probability /reliability level mapping (z — p, ),
and probability /reliability target to approximate response level mapping (p, 3 — z) are
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respectively, where x are the uncertain values in the space of the original uncertain variables (“x-space”), g(x) is the limit
state function (the response function for which probability-response level pairs are needed), and the CDF reliability index
Bear, CCDF reliability index Becqr, CDF probability p(g < z), and CCDF probability p(g > z) are related to one another
through
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where ®() is the standard normal cumulative distribution function. A common convention in the literature is to define g in
such a way that the CDF probability for a response level z of zero (i.e., p(g < 0)) is the response metric of interest. The
formulations in this paper are not restricted to this convention and are designed to support CDF or CCDF mappings for
general response, probability, and reliability level sequences.

2.2 MPP Search Methods

All other reliability methods solve a nonlinear optimization problem to compute a most probable point (MPP) and then
integrate about this point to compute probabilities. The MPP search is performed in transformed standard normal space (“u-
space” ) since it simplifies the probability integration: the distance of the MPP from the origin has the meaning of the number
of standard deviations separating the mean response from a particular response threshold. The transformation from x-space to
u-space is performed using the transformation u = T'(x) with the reverse transformation denoted as z = T ~!(u). Common ap-
proaches for performing these mappings include the Rosenblatt [Rosenblatt, 1952] and Nataf [Der Kiureghian and Liu, 1986]
transformations, where the results in this paper employ the latter.

The forward reliability analysis algorithm of computing CDF/CCDF probability /reliability levels for specified response
levels is called the reliability index approach (RIA), and the inverse reliability analysis algorithm of computing response levels



for specified CDF/CCDF probability /reliability levels is called the performance measure approach (PMA) [Tu et al., 1999].
The differences between the RIA and PMA formulations appear in the objective function and equality constraint formulations
used in the MPP searches. For RIA, the MPP search for achieving the specified response level z is formulated as

minimize uTu

subject to G(u) =2z (13)
and for PMA, the MPP search for achieving the specified reliability /probability level 3,p is formulated as

minimize  +G(u)
subject to u’u = (2 (14)

where u is a vector centered at the origin in u-space and g(x) = G(u) by definition. In the RIA case, the optimal MPP
solution u* defines the reliability index from 5 = £||u*||2, which in turn defines the CDF/CCDF probabilities (using Egs. 7-8
in the case of first-order integration). The sign of 3 is defined by

G(u*) > G(O) : 6cdf < Ovﬂccdf >0 (15)
G(u*) < G(O) : ﬂcdf > Ovﬂccdf <0 (16)

where G(0) is the median limit state response computed at the origin in u-space (where Beqr = Becar = 0 and first-order
p(g < 2) = p(g > z) = 0.5). In the PMA case, the sign applied to G(u) (equivalent to minimizing or maximizing G(u)) is

similarly defined by

Beas < 0, Becas > 0 : maximize G(u) (17)
Beas > 0, Becar < 0 : minimize G (u) (18)

and the limit state at the MPP (G(u*)) defines the desired response level result.

2.2.1 Limit state linearizations

There are a variety of algorithmic variations that can be explored within RIA/PMA reliability analysis. First, one may
select among several different linearization approaches for the limit state function that can be used to reduce computational
expense during the MPP searches. Options include:

1. a single linearization per response/probability level in x-space centered at the uncertain variable means (commonly
known as the Advanced Mean Value (AMV) method).

9(x) = g(pix) + Vag(px) T (x — pix) (19)

2. same as AMV, except that the linearization is performed in u-space. This option has been termed the u-space AMV
method (note: p, = T'(ux) and is nonzero in general).

G(u) = G(pa) + VuG(pa)" (1 — ) (20)

3. an initial x-space linearization at the uncertain variable means, with iterative relinearizations at each MPP estimate
(x*) until the MPP converges (commonly known as the AMV+ method).

9(x) = g(x*) + Vag(x*)" (x — x*) (21)

4. same as AMV+, except that the linearizations are performed in u-space. This option has been termed the u-space
AMV+ method.
G(u) = G(u*) + V,Gu") T (u—u*) (22)

5. the MPP search on the original response functions without the use of any linearizations.

The selection between x-space or u-space for performing linearizations depends on where the limit state will be more linear,
since an approximation that is accurate over a larger range will result in more accurate MPP estimates (AMV) or faster
convergence (AMV+). Since this relative linearity depends on the forms of the limit state g(z) and the transformation T'(x)
and is therefore application dependent in general, DAKOTA /UQ supports both options. A concern with linearization-based
iterative search methods (i.e., x-/u-space AMV+) is the robustness of their convergence to the MPP. It is possible for the
MPP iterates to oscillate or even diverge. However, to date, this occurrence has been relatively rare, and DAKOTA/UQ
contains checks that monitor for this behavior.



2.2.2 Integrations

The second algorithmic variation involves the integration approach for computing probabilities at the MPP, which can be
selected to be first-order (Egs. 7-8) or second-order integration. Second-order integration involves applying a curvature
correction [Breitung, 1984, Hohenbichler and Rackwitz, 1988, Hong, 1999]. The simplest of these corrections is

1

= (- —_ 2
where r; are the principal curvatures of the limit state function and 8 > 0 (select CDF or CCDF correction based on sign of
(). Second-order reliability approaches are discussed in detail in a companion paper [Eldred and Wojtkiewicz, 2005].

Combining the no-linearization option of the MPP search with first-order and second-order integration approaches results
in the traditional first-order and second-order reliability methods (FORM and SORM). Additional probability integration
approaches can involve importance sampling in the vicinity of the MPP [Hohenbichler and Rackwitz, 1988, Wu, 1994], but
are outside the scope of this paper.

2.2.3 Optimization algorithms

The third algorithmic variation involves the optimization algorithm selection for solving Egs. 13 and 14. The Hasofer-Lind
Rackwitz-Fissler (HL-RF) algorithm [Haldar and Mahadevan, 2000] is a classical approach that has been broadly applied.
It is a Newton-based approach lacking line search/trust region globalization, and is generally regarded as computationally
efficient but occasionally unreliable. DAKOTA /UQ takes the approach of employing robust, general-purpose optimization
algorithms with provable convergence properties. This paper explores the use of sequential quadratic programming (SQP)
and nonlinear interior-point (NIP) optimization algorithms from the NPSOL [Gill et al., 1998] and OPT++ [Meza, 1994]
libraries, respectively.

2.2.4 Warm Starting of MPP Searches

The final algorithmic variation involves the use of warm starting approaches for improving computational efficiency. MPP
searches can be accelerated through three distinct types of warm starting;:

e with internal iteration increment (within an AMV+ reliability analysis)

e with z/p/( level increment (within any reliability analysis)

e with design variable increment (across multiple reliability analyses for RBDO)
and involve several different types of data:

e linearization point and associated response values (for AMV+ reliability analysis)

e MPP optimizer initial guess (for any reliability analysis)

Within a single reliability analysis, the AMV+ linearization point and associated response data for each new z/p/8 level
is warm started using the MPP from the previous level. The initial guess for each new MPP search is warm started differently
for AMV+ iterations, RIA level changes, or PMA level changes. For unconverged AMV+ iterations, a simple copy of the
previous MPP estimate is used. In the case of an advance to the next z/p/3 level, the initial guess is determined by projecting
from the current MPP out to the new 3 radius or response level. This projection is important since premature optimization
termination can occur with some optimizers if the RIA/PMA first-order optimality conditions (u + AV ,G = 0 for RIA or
V.G + Au = 0 for PMA) remain satisfied for the new level, even though the new equality constraint will be violated. That
is, even though initial guess may not affect overall efficiency in linearization-based searches, it can affect search robustness.
For RIA projections, an approximate u(*+1) is computed using a first-order Taylor series approximation of the next g level:

G+ — qk) VUG(u(k))T(u(’““) _ u(k)) (24)
where u*+1) is defined as a projection along V,G from u(*)
ulFth = ) 4 aVUG(u(k)) (25)

Substituting Eq. 25 into Eq. 24 defines the step
Gk+1) _ (k)
V.G u®)|?
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(26)



This projection could bypass the need for V,,G with knowledge of the Lagrange multipliers at the current MPP (V,G = —%u
for RIA). For PMA projections, an approximate uk*+1) is computed by scaling u*) to match its magnitude to the next §
target.
ﬁ(k-&-l)
Bk
In the case of multiple reliability method invocations within RBDO, the optimizer initial guess for the first level can be
warm started using information from the previous reliability analysis. The simplest approach uses the MPP for the first level
from the previous reliability method invocation. A more advanced approach for the case of RIA-based RBDO corrects the
previous MPP using a projection [Burton and Hajela, 2004], resulting in an expression similar to Eqs. 25-26:

ulk+1) — u® (27)

ENT (q(k+1) — q(k)
uk D) — ) _ VaG(d'™) (d d'")
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V.Gu®) (28)

For AMV+, the linearization point for the first level is also warm started using the previous/projected MPP, although the
response data at the linearization point must be reevaluated to account for design variable changes. Warm starts for all
subsequent levels within the new reliability analysis are performed using Eqs. 25-27.

3 Reliability-Based Design Optimization

Reliability-based design optimization (RBDO) methods are used to perform design optimization accounting for reliability
metrics. The reliability analysis capabilities described in Section 2 provide a rich foundation for exploring a variety of RBDO
formulations. This paper will present first-order methods for bi-level and sequential RBDO.

3.1 Bi-level RBDO

The simplest and most direct RBDO approach is the bi-level approach in which a full reliability analysis is performed for
every optimization function evaluation. This involves a nesting of two distinct levels of optimization within each other, one
at the design level and one at the MPP search level.

Since an RBDO problem will typically specify both the z level and the p/3 level, one can use either the RIA or the
PMA formulation for the UQ portion and then constrain the result in the design optimization portion. In particular, RTA
reliability analysis maps z to p/3, so RIA RBDO constrains p/g:

minimize f
subject to 3> (3
or p<p (29)

And PMA reliability analysis maps p/3 to z, so PMA RBDO constrains z:
minimize f
subject to z >z (30)

where z > Z is used as the RBDO constraint for a cumulative failure probability (failure defined as z < z) but z < z would
be used as the RBDO constraint for a complementary cumulative failure probability (failure defined as z > z). It is worth
noting that DAKOTA is not limited to these types of inequality-constrained RBDO formulations; rather, they are convenient
examples. DAKOTA supports general optimization under uncertainty mappings [Eldred et al., 2002] which allow flexible use
of statistics within multiple objectives, inequality constraints, and equality constraints.

An important performance enhancement for bi-level methods is the use of sensitivity analysis to analytically compute the
design gradients of probability, reliability, and response levels. When design variables are separate from the uncertain variables
(i.e., they are not distribution parameters), then the following expressions may be used [Hohenbichler and Rackwitz, 1986,
Karamchandani and Cornell, 1992, Allen and Maute, 2004]:

VdZ = VdG (31)
1
Vabeir = 1= ~7VdG 32
S ey .
Vapeqs = —&(—PBedr)VaBear (33)
where ¢() is the standard normal density function. From Egs. 11-12, it is evident that
VaBecqr = —VaBedr (34)

vdpccdf = _vdpcdf (35)



Even when V ;G is estimated numerically, these analytic expressions can be used to avoid numerical differencing across full
reliability analyses. Since these expressions are derived using the KKT conditions for a converged MPP, they are appropriate
for RBDO using AMV+ and FORM, but not for RBDO using MV or AMV.

3.2 Sequential/Surrogate-based RBDO

An alternative RBDO approach is the sequential approach, in which additional efficiency is sought through breaking the
nested relationship of the MPP and design searches. The general concept is to iterate between optimization and uncertainty
quantification, updating the optimization goals based on the most recent probabilistic assessment results. This update may
be based on safety factors [Wu et al., 2001] or other approximations.

A particularly effective approach for updating the optimization goals is to use the p/3/z sensitivity analysis of Egs. 31-33 in
combination with local surrogate models [Zou et al., 2004]. In this paper, first-order Taylor series approximations will be used
for both the objective function and the constraints, although the use of constraint approximations alone is sufficient to remove
the nesting. When surrogate models are employed, a trust-region model management framework [Giunta and Eldred, 2000]
can be used to adaptively manage the extent of the approximations and ensure convergence of the RBDO process.

In particular, RIA trust-region surrogate-based RBDO employs surrogate models of f and p/3 within a trust region A*
centered at d.:

minimize f(de) +Vaf(de)'(d —d.)
subject to  3(d.) + VgB(d.)T(d —d.) >
or p(dc) + Vdp(dc)T(d d ) <p
Id—d ||, <A (36)

and PMA trust-region surrogate-based RBDO employs surrogate models of f and z within a trust region A* centered at d.:

minimize f(d.) + Vaf(d.)T(d —d,)
subject to 2z + Vgz(d.)T(d —d.) >z
Id—d. |, <AF (37)

where the sense of the z constraint may vary as described previously.

4 Computational Experiments

The algorithmic variations of interest in reliability analysis include the linearization approaches (MV, x-/u-space AMV, x-/u-
space AMV+, and FORM), integration approaches (first-/second-order), warm starting approaches, and MPP optimization
algorithm selections (SQP or NIP). RBDO algorithmic variations of interest include use of bi-level, fully-analytic bi-level, or
sequential approaches, use of RIA or PMA formulations for the underlying UQ, and the specific z/p/ mappings that are
employed. Relative performance of these algorithmic variations will be presented in this section for a number of computa-
tional experiments performed using the DAKOTA /UQ software [Wojtkiewicz et al., 2001]. DAKOTA /UQ is the uncertainty
quantification component of DAKOTA [Eldred et al., 2003], an open-source software framework for design and performance
analysis of computational models on high performance computers.

4.1 Lognormal ratio
This test problem has a limit state function defined by the ratio of two lognormally-distributed random variables.

900 =" (38)

The distributions for both 7 and x5 are Lognormal(1, 0.5) with a correlation coefficient between the two variables of 0.3.

4.1.1 Uncertainty quantification

For RIA, 24 response levels (.4, .5, .55, .6, .65, .7, .75, .8, .85, .9, 1, 1.05, 1.15, 1.2, 1.25, 1.3, 1.35, 1.4, 1.5, 1.55, 1.6, 1.65, 1.7,
and 1.75) are mapped into the corresponding cumulative probability levels. For PMA, these 24 probability levels (the fully
converged results from RIA FORM) are mapped back into the original response levels. Tables 1 and 2 show the computational
results for each of the six method variants using numerical gradients computed with central differences. Duplicate function
evaluations (detected by DAKOTA’s evaluation cache) are not included in the totals, and an AMV+ convergence tolerance
of || u®+1) —u® |, < 10~* is used to give comparable accuracy to the FORM SQP/NIP converged results. The RIA p
error norms and PMA z error norms are measured relative to the fully-converged FORM results. That is, the FORM errors



Table 1: Reliability index approach results, lognormal ratio test problem.

RIA SQP Function Evals NIP Function Evals CDF p Target z
Approach (Cold/Warm Start)  (Cold/Warm Start) Error Norm Offset Norm
MV 5 ) 0.2312 0.0
x-space AMV 30 30 0.05210 0.5100
u-space AMV 30 30 0.0 0.6915
x-space AMV+ 504 /506 505/506 0.0 0.0
u-space AMV+ 388/381 389/381 0.0 0.0
FORM 1416/1371 546/491 0.0 0.0

Table 2: Performance measure approach results, lognormal ratio test problem.

PMA SQP Function Evals NIP Function Evals CDF z Target p
Approach (Cold/Warm Start) (Cold/Warm Start) Error Norm  Offset Norm
MV 5 5 0.6072 0.0
x-space AMV 30 30 0.1166 0.0
u-space AMV 30 30 0.0 0.0
x-space AMV+ 390/406 415/406 0.0 0.0
u-space AMV+ 150/221 178/231 0.0 0.0
FORM 3241/861 879/481 0.0 0.0

(RIA p error norm of 0.01538 and PMA z error norm of 0.03775) relative to a Latin Hypercube reference solution of 10°
samples are not included in order to avoid obscuring the relative errors. Figure 1 overlays the computed CDF values for each
of the six method variants as well as the Latin Hypercube reference solution.

It is evident that, relative to the fully-converged AMV+/FORM results, MV accuracy degrades rapidly away from the
means. AMYV is reasonably accurate over the full range (x-space AMV has a factor of 4.8 reduction in error norm on
average relative to MV, and u-space AMV has zero error for this problem) but has undesirable offsets from the prescribed
response levels in the RIA case. In terms of computational expense, MV is two orders of magnitude less expensive than
AMV+/FORM and AMV is one order of magnitude less expensive, which makes these techniques attractive when rough
statistics are sufficient. When more accurate statistics are desired, AMV+ has equal accuracy to FORM and is a factor of
9.1 less expensive on average in the case of cold starts using sequential quadratic programming (SQP) for each level, which
decreases to a factor of 3.1 less expensive in the case of warm starts using SQP. That is, FORM benefits more from warm
starting than AMV+. When using a nonlinear interior-point (NIP) optimizer, FORM solutions are generally less expensive
and become directly competitive with AMV+ in some cases (AMV+ is a factor of 2.4 less expensive on average than FORM
in the case of cold starts using NIP, which decreases to a factor of 1.4 in the case of warm starts using NIP). The SQP/NIP
comparison is much less relevant for the AMV/AMV+ methods since the MPP searches are linearized. Another benefit of
NIP relative to SQP has been observed in PMA solutions (Eq. 14). PMA solutions with SQP involve penalties applied to the
equality constraint (e.g., in an augmented Lagrangian merit function) and must have strict u-space bound constraints (e.g.,
10 standard deviations) to avoid excessive u-space excursions in minimizing G(u) prior to enforcement of the u”u equality
constraint. These excursions can result in inaccurate Hessian approximations in moderate cases and numerical overflow in
extreme cases. NIP methods are less prone to this difficulty since they proceed toward constraint satisfaction more uniformly.

4.2 Short column

This test problem involves the plastic analysis and design of a short column with rectangular cross section (width b and depth
h) having uncertain material properties (yield stress Y') and subject to uncertain loads (bending moment M and axial force
P) [Kuschel and Rackwitz, 1997]. The limit state function is defined as:

1 aM p?
909 =1 - Py ~ ppeye
The distributions for P, M, and Y are Normal(500, 100), Normal(2000, 400), and Lognormal(5, 0.5), respectively, with a
correlation coefficient of 0.5 between P and M (uncorrelated otherwise). The nominal values for b and h are 5 and 15,
respectively. In this test problem, analytic gradients of f and g with respect to P, M, and Y are used to reduce function
evaluation counts (note: the evaluation counts reflect data requests from the algorithm and do not separate value and gradient
requests).

(39)
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Figure 1: Lognormal ratio cumulative distribution function.

Table 3: Reliability index approach results, short column test problem.

RIA SQP Function Evals NIP Function Evals CDF p Target z
Approach (Cold/Warm Start) (Cold/Warm Start) Error Norm  Offset Norm
MV 1 1 0.1548 0.0
x-space AMV 45 45 0.009275 18.28
u-space AMV 45 45 0.006408 18.81
x-space AMV+ 239/192 239/192 0.0 0.0
u-space AMV+ 263/207 263/207 0.0 0.0
FORM 653/636 473/351 0.0 0.0

4.2.1 Uncertainty quantification

For RIA, 43 response levels (-9.0, -8.75, -8.5, -8.0, -7.75, -7.5, -7.25, -7.0, -6.5, -6.0, -5.5, -5.0, -4.5, -4.0, -3.5, -3.0, -2.5, -2.0,
-1.9,-1.8,-1.7,-1.6,-1.5, -1.4, -1.3, -1.2, -1.1, -1.0, -0.9, -0.8, -0.7, -0.6, -0.5, -0.4, -0.3, -0.2, -0.1, 0.0, 0.05, 0.1, 0.15, 0.2, 0.25)
are mapped into the corresponding cumulative probability levels. For PMA, these 43 probability levels (the fully converged
results from RIA FORM) are mapped back into the original response levels. Tables 3 and 4 show the computational results for
each of the six method variants. The RIA p error norms and PMA 2z error norms are measured relative to the fully-converged
FORM results. That is, the FORM errors (RIA p error norm of 0.01370 and PMA z error norm of 0.2181) relative to a Latin
Hypercube reference solution of 10° samples are omitted in order to avoid obscuring the relative errors. Figure 2 overlays
the computed CDF values for each of the six method variants as well as the Latin Hypercube reference solution.

Relative to the fully-converged AMV+/FORM results, MV accuracy again degrades rapidly away from the means. AMV
is again reasonably accurate over the full range (a factor of 15 reduction in error norm on average relative to MV) but has
undesirable offsets from the prescribed response levels in the RIA case. In terms of computational expense, MV and AMV
are again significantly less expensive. AMV+ has equal accuracy to FORM and is a factor of 3.8 less expensive on average

Table 4: Performance measure approach results, short column test problem.

PMA SQP Function Evals NIP Function Evals CDF =z Target p
Approach (Cold/Warm Start) (Cold/Warm Start) Error Norm  Offset Norm
MV 1 1 7.454 0.0
x-space AMV 45 45 0.9420 0.0
u-space AMV 45 45 0.5828 0.0
x-space AMV+ 201/171 190/179 0.0 0.0
u-space AMV+ 246/205 242/205 0.0 0.0

FORM 1123/716 780/325 0.0 0.0
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Figure 2: Short column cumulative distribution function.

than FORM in the case of cold starts using SQP for each level, which decreases to a factor of 3.5 in the case of warm starts
using SQP. NIP-based FORM solutions are again less expensive than SQP-based FORM solutions and are approaching the
expense of AMV+ solutions (AMV+ is a factor of 2.8 less expensive on average than FORM in the case of cold starts using
NIP, which decreases to a factor of 1.7 in the case of warm starts using NIP).

4.2.2 Reliability-based design optimization

The short column example problem is also amenable to RBDO. An objective function of cross-sectional area and a target
reliability index of 2.5 (cumulative failure probability = p(g < 0) < 0.00621) are used in the design problem:

min bh
s.t. 6>25
5.0<b0<15.0
15.0 < h <25.0 (40)

It is important to note that only a single response/probability mapping is needed for each uncertainty analysis (instead of
the 43 used previously in generating a full CDF). As is evident from the UQ results shown in Figure 2, the initial design
of (b,h) = (5,15) is infeasible and the optimization must add material to obtain the target reliability at the optimal design
(b, h) = (8.68,25.0).

Table 5 shows the results for bi-level RBDO for 18 variants. Constraint violations are raw norms (not normalized by
allowable). Analytic gradients of g with respect to P, M, and Y are used at the uncertainty analysis level, but numerical
gradients of f and z/p/f with respect to b and h are computed using central finite differences at the optimization level. SQP
is used for optimization at both levels. It is evident that RBDO with MV and AMYV is relatively inexpensive, but can only
obtain an approximate optimal solution. Applying reliability constraints using g is generally preferred to applying probability
constraints using p in the RIA RBDO formulation of Eq. 29 (expense reduced by a factor of 2.3 on average), since 3 tends
to be more linear/well-behaved /well-scaled for the top-level optimizer than p. In addition, warm starts are generally helpful,
reducing expense by a factor of 1.2 on average, and AMV+-based RBDO consistently outperforms FORM-based RBDO by
a factor of 4.8 on average. No consistent preference for RIA-based or PMA-based RBDO is evident in this case, although
RIA AMV+ RBDO using warm starts and § constraints was the top performer and solved the problem in fewer than 200
function evaluations.

Table 6 shows the results for fully-analytic bi-level RBDO employing the gradient expressions for p, 3, and z (Egs. 31-33).
In this case, only the AMV+ and FORM variants for RIA/PMA RBDO are allowed, since the sensitivity expressions require
a fully-converged MPP. In comparison with Table 5, it is evident that avoiding numerical differencing of reliability metrics
at the design level results in a significant improvement in efficiency (factor of 2.3 on average). In this case, warm starts are
less effective (only a factor of 1.1 on average) since the design changes between reliability analyses are larger than when finite
differencing. AMV+-based RBDO outperforms FORM-based RBDO by a factor of 5.6 on average.

Table 7 shows the results for sequential RBDO using a trust-region surrogate-based approach. The surrogates are first-
order Taylor-series using the same analytic gradients of p, 3, and z. The sequential case is more efficient than the fully-analytic



Table 5: Bi-level RBDO results, short column test problem.

RBDO Function Evals Objective  Constraint
Approach (Cold/Warm Start) Function  Violation
RIA 2z — p MV 50 197.8 0.01913
RIA z — p x-space AMV 150 197.5 0.01962
RIA z — p u-space AMV 147 198.9 0.01721
RIA z — p x-space AMV+ 370/354 217.1 0.0
RIA 2 — p u-space AMV-+ 400/371 217.1 0.0
RIA z — p FORM 1877/1781 217.1 0.0
RIA z — 6 MV 16 197.7 0.5475
RIA z — (3 x-space AMV 48 1974 0.5559
RIA z — (3 u-space AMV 48 198.2 0.5326
RIA z — (8 x-space AMV+ 195/185 216.7 0.0
RIA z — (8 u-space AMV+ 211/193 216.7 0.0
RIA z — 3 FORM 916,/1088 216.7 0.0
PMA p, 8 — z MV 35 197.7 0.1547
PMA p, 8 — z x-space AMV 124 214.8 0.01367
PMA p, 3 — z u-space AMV 124 215.6 0.008390
PMA p, 3 — z x-space AMV+ 268/212 216.8 0.0
PMA p, 3 — z u-space AMV+ 328/214 216.8 0.0
PMA p, 8 — z FORM 1567/707 216.8 0.0

Table 6: Analytic bi-level RBDO results, short column test problem.

RBDO Function Evals Objective  Constraint
Approach (Cold/Warm Start) Function  Violation
RIA z — p x-space AMV+ 161/149 217.1 0.0
RIA » — p u-space AMV-+ 171/160 217.1 0.0
RIA z — p FORM 865/911 217.1 0.0
RIA z — (3 x-space AMV+ 76/72 216.7 0.0
RIA z — (3 u-space AMV+ 82/76 216.7 0.0
RIA z — 8 FORM 538/612 216.7 0.0
PMA p, 3 — z x-space AMV+ 105/100 216.8 0.0
PMA p, 3 — z u-space AMV+ 125/102 216.8 0.0
PMA p, 3 — = FORM 508/285 216.8 0.0




Table 7: Surrogate-based RBDO results, short column test problem.

RBDO Function Evals Objective  Constraint
Approach (Cold/Warm Start) Function  Violation
RIA z — p x-space AMV+ T7/75 216.9 0.0
RIA z — p u-space AMV+ 82/81 216.9 0.0
RIA z — p FORM 573/577 216.9 0.0
RIA z — (3 x-space AMV+ 67/65 216.7 0.0
RIA z — (3 u-space AMV+ 72/72 216.7 0.0
RIA z — 8 FORM 508/561 216.7 0.0
PMA p, 8 — z x-space AMV+ 79/76 216.7 2.1e-4
PMA p, 5 — z u-space AMV+ 87/79 216.7 2.1e-4
PMA p, 3 — = FORM 333/228 216.7 2.1e-4
Y

4— L=100" —— >

>

w

Figure 3: Cantilever beam test problem.

bi-level case, with expense reduced by another factor of 1.4 on average. Warm starts are even less effective than in the fully-
analytic bi-level case and save only 6% on average. AMV-+-based sequential RBDO outperforms FORM-based sequential
RBDO by a factor of 6.2 on average, and solves the problem in as few as 65 function evaluations.

4.3 Cantilever beam

The final test problem involves the simple uniform cantilever beam [Sues et al., 2001, Wu et al., 2001] shown in Figure 3.

Random variables in the problem include the yield stress R of the beam material, the Young’s modulus E of the material,
and the horizontal and vertical loads, X and Y, which are modeled with normal distributions using N (40000, 2000), N(2.9E7,
1.45E6), N(500, 100), and N(1000, 100), respectively. Problem constants include L = 100 in. and Dy = 2.2535 in. The
constraints on beam response have the following analytic form:

600 600

stress = WY —+ EX S R (41)
4r3 Y X
displacement = Tl (t_2)2 + (W)Q < Dy (42)
or when scaled:
stress
gs = n 1<0 (43)
9 = displacement 1< (44)
Dy

4.3.1 Uncertainty quantification

For RIA, 11 levels (0.0 to 1.0 in 0.1 increments) are employed for each limit state function (gs and gp) and are mapped into
the corresponding cumulative probability levels. For PMA, these probability levels (the fully converged results from RIA
FORM) are mapped back into the original response levels. In this test problem, analytic gradients of gs and gp with respect
to R, F, X, and Y are used to reduce function evaluation counts. Tables 8 and 9 show the computational results for each of
the method variants. In this case, since all uncertain variables are normally distributed, the x-space and u-space linearization
approaches are equivalent. The RIA p error norms and PMA z error norms are measured relative to the fully-converged
FORM results. That is, the FORM errors (RIA p error norm of 0.02764 and PMA z error norm of 0.04198) relative to a
Latin Hypercube reference solution of 10% samples are not included in order to avoid obscuring the relative errors. Figure 4
overlays the computed CDF values for each of the method variants as well as the Latin Hypercube reference solution.



Table 8: Reliability index approach results, cantilever test problem.
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RIA SQP Function Evals NIP Function Evals CDF p Target z
Approach (Cold/Warm Start) (Cold/Warm Start) Error Norm  Offset Norm
MV 1 1 0.01889 0.0
x-/u-space AMV 23 23 0.001175 0.1261
x-/u-space AMV+ 92/89 93/94 0.0 0.0
FORM 249/165 235/189 0.0 0.0

Table 9: Performance measure approach results, cantilever test problem.

PMA SQP Function Evals NIP Function Evals CDF 2z Target p
Approach (Cold/Warm Start) (Cold/Warm Start) Error Norm  Offset Norm
MV 1 1 0.1239 0.0
x-/u-space AMV 23 23 0.01946 0.0
x-/u-space AMV+ 81/69 96*/88 0.0 0.0
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Figure 4: Cantilever beam cumulative distribution functions.




Table 10: Bi-level RBDO results, cantilever test problem.

RBDO Function Evals Objective  Constraint
Approach (Cold/Warm Start) Function  Violation
RIA z — p MV 95 11.37 0.0
RIA z — p x-/u-space AMV 285 11.37 0.0
RIA z — p x-/u-space AMV+ 597/624 9.563 0.0
RIA z — p FORM 1522/1111 9.563 0.0
RIA z — 6 MV 44 9.392 0.2958
RIA z — (8 x-/u-space AMV 132 9.392 0.2958
RIA z — ( x-/u-space AMV+ 540/493 9.520 0.0
RIA z — 8 FORM 1082/865 9.520 0.0
PMA p, 8 — z MV 53 9.393 0.03216
PMA p, 3 — z x-/u-space AMV 159 9.504 0.003602
PMA p, 8 — z x-/u-space AMV+ 547/428 9.521 0.0
PMA p, 8 — = FORM 3631/1148 9.521 0.0

Relative to the fully-converged AMV+/FORM results, MV accuracy again degrades rapidly away from the means. AMV is
reasonably accurate over the full range (a factor of 11 reduction in error norm on average relative to MV) but has undesirable
offsets from the prescribed response levels in the RIA case. In terms of computational expense, MV and AMV are again
significantly less expensive. AMV+ has equal accuracy to FORM and is a factor of 5.2 and 2.8 less expensive on average
in the case of cold and warm starts, respectively, using SQP, and is a factor of 3.6 and 2.3 less expensive on average in the
case of cold and warm starts, respectively, using NIP. NIP can be seen to be less robust than SQP for this problem, as “*”
indicates that one or more of the 11 levels failed to converge.

4.3.2 Reliability-based design optimization

The design problem is to minimize the weight (or, equivalently, the cross-sectional area) of the beam subject to the displace-
ment and stress constraints. If the random variables are fixed at their means, the resulting deterministic design problem (with
constraints gg < 0 and gp < 0) has the solution (w, t) = (2.35, 3.33) with an objective function of 7.82. When seeking relia-
bility levels of 3.0 for these constraints (complementary cumulative failure probabilities p(gs > 0) and p(gp > 0) < 0.00135),
the design problem becomes:

min wt
s.t. GBp > 3.0
Bs > 3.0
1.0<w<4.0
1.0<t<4.0 (45)

which has the solution (w, t) = (2.45, 3.88) with an objective function of 9.52.

Table 10 shows the results for bi-level RBDO using 12 variants (the x-space and u-space linearizations are identical for
this problem). Constraint violations are raw norms (not normalized by allowable). Analytic gradients of gg and gp with
respect to R, F, X, and Y are used at the uncertainty analysis level, but numerical gradients of f and z/p/8 with respect to
w and t are computed using central finite differences at the optimization level. SQP is used for optimization at both levels.
Again, RBDO with MV and AMYV is relatively inexpensive, but can only obtain an approximate optimal solution. Reliability
constraints are again preferred to probability constraints in RIA RBDO (expense reduced by a factor of 1.6 on average).
In addition, warm starts are helpful, reducing expense by a factor of 1.5 on average, and AMV+-based RBDO consistently
outperforms FORM-based RBDO by a factor of 2.9 on average. PMA RBDO with AMV+ was the top performer in this
case and solved the problem in 428 function evaluations.

Table 11 shows the results for fully-analytic bi-level RBDO employing the gradient expressions for p, 3, and z (Egs. 31-33).
As for short column, only the AMV+ and FORM variants for RTA/PMA RBDO are allowed, since the sensitivity expressions
require a fully-converged MPP. In comparison with Table 10, avoiding numerical differencing at the design level reduces
computation expense by a factor of 2.3 on average. Again, warm starts are less effective (reduction of only a factor of 1.2 on
average) since the design changes between reliability analyses are larger than when finite differencing. AMV+-based RBDO
outperforms FORM-based RBDO by a factor of 2.8 on average.

Table 12 shows the results for sequential RBDO using a trust-region surrogate-based approach. The surrogates are
first-order Taylor-series using the same analytic gradients of p, 8, and z. The sequential case is more efficient than the



Table 11: Analytic bi-level RBDO results, cantilever test problem.

RBDO Function Evals Objective  Constraint
Approach (Cold/Warm Start) Function  Violation
RIA z — p x-/u-space AMV+ 279/319 9.529 1.1e-5
RIA z — p FORM 623/531 9.563 0.0
RIA z — ( x-/u-space AMV+ 207/208 9.520 0.0
RIA z — § FORM 367/324 9.520 0.0
PMA p, 3 — z x-/u-space AMV+ 247/232 9.521 0.0
PMA p, 8 — z FORM 1408/843 9.521 0.0

Table 12: Surrogate-based RBDO results, cantilever test problem.

RBDO Function Evals Objective  Constraint
Approach (Cold/Warm Start) Function  Violation
RIA z — p x-/u-space AMV+ 197/186 9.520 1.0e-9
RIA z — p FORM 342/457 9.520 1.0e-9
RIA z — ( x-/u-space AMV+ 189/203 9.520 9.5e-5
RIA z — 8 FORM 372/442 9.520 9.5e-5
PMA p, 3 — z x-/u-space AMV+ 181/181 9.520 2.7e-9
PMA p, 3 — 2 FORM 759 /487 9.520 9.7¢-9

fully-analytic bi-level case, with expense reduced by another factor of 1.3 on average. Warm starts are less effective than
in the fully-analytic bi-level case and save only 2% on average. AMV-+-based sequential RBDO outperforms FORM-based
sequential RBDO by a factor of 2.5 on average, and solves the problem in under 200 function evaluations.

5 Conclusions

DAKOTA/UQ provides a flexible, object-oriented implementation of reliability methods that allows plug-and-play experimen-
tation with RIA/PMA formulations and various linearization, integration, warm starting, and MPP optimization algorithm
selections. Linearization approaches have included MV, x-space and u-space AMV, x-space and u-space AMV+, and no lin-
earization (FORM); integration options have included first-order and second-order integrations; warm starting has included
MPP reuse and projections; and MPP search selection has included SQP and NIP optimization algorithms. These reliability
analysis capabilities provide a substantial foundation for RBDO formulations, and bi-level and sequential RBDO approaches
have been explored in this paper. Bi-level RBDO has included basic and fully-analytic approaches, and sequential RBDO
has utilized a trust-region surrogate-based approach.

Reliability method performance comparisons for the three simple test problems presented indicate several trends. MV
and AMV are significantly less expensive than AMV+ and FORM, but come with corresponding reductions in accuracy.
In combination, these methods provide a useful spectrum of accuracy and expense that allow the computational effort to
be balanced with the statistical precision required for particular applications. In addition, support for forward and inverse
mappings (RIA and PMA) provide the flexibility to support different UQ analysis needs. Relative to FORM, AMV+ has
been shown to have equal accuracy, equal robustness (for these test problems), and consistent computational savings (factor
of 3.5 reduction in function evaluations on average). In addition, NIP optimizers have shown promise in being less susceptible
to PMA u-space excursions and in being more efficient than SQP optimizers in most cases (factor of 1.8 less expensive on
average for FORM). Warm starting with projections has been shown to be effective for reliability analyses, with a factor of
1.3 reduction in expense on average. The x-space and u-space linearizations for AMV and AMV+ were both effective, and
the relative performance was strongly problem-dependent (u-space AMV+ was consistently more efficient for lognormal ratio,
x-space AMV+ was consistently more efficient for short column, and x-space and u-space were equivalent for cantilever).
Among all combinations tested, AMV+ with warms starts is the recommended approach.

RBDO results mirror the reliability analysis trends. Basic bi-level RBDO has been evaluated with up to 18 variants
(RIA/PMA with different p/3/z mappings for MV /x-space AMV /u-space AMV /x-space AMV+/u-space AMV+/FORM),
and fully-analytic bi-level and sequential RBDO have been evaluated with up to 9 variants (RIA/PMA with different p/3/z
mappings for x-space AMV+/u-space AMV+/FORM). Bi-level RBDO with MV and AMV are inexpensive but give only
approximate optima. These approaches may be useful for preliminary design or for warm-starting other RBDO methods.
Bi-level RBDO with AMV+ was shown to have equal accuracy and robustness to bi-level FORM-based approaches and be
a factor of 4.2 less expensive on average. In addition, usage of # in RIA RBDO constraints was preferred due to it being
more well-behaved and more well-scaled than constraints on p (resulting in a factor of 1.7 reduction in expense), and this
approach for RTA RBDO was more efficient (factor of 1.4 reduction in expense on average) than PMA RBDO. Warm starts



in RBDO were most effective when the design changes were small, and basic bi-level RBDO (with numerical differencing at
the design level) showed a factor of 1.4 reduction in expense, which decreased to being marginally effective for fully-analytic
bi-level RBDO (factor of 1.1 reduction) and relatively ineffective for sequential RBDO (only a 5% reduction in expense on
average). However, large design changes were desirable for overall RBDO efficiency and, compared to basic bi-level RBDO,
fully-analytic RBDO was a factor 2.3 less expensive on average and sequential RBDO was a factor of 3.2 less expensive on
average. Among all combinations tested, sequential RBDO using AMV+ is the recommended approach.

The effectiveness of first-order approximations, both in limit state linearization within reliability analysis and in surrogate-
based RBDO, has led to additional work in second-order approximations which hold promise to both improve the accuracy
of probability integrations and improve the computational efficiency through accelerated convergence rates. This work is
presented in a companion paper.
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